Expressions for minimal astigmatism in image and pupil planes in off-axis afocal reflective telescopes formed by pairs of spherical mirrors are presented. These formulae which are derived from the marginal ray fan equation can be used for designing laser cavities, spectrographs and adaptive optics retinal imaging systems. The use, range and validity of these formulae are limited by spherical aberration and coma for small and large angles respectively. This is discussed using examples from adaptive optics retinal imaging systems. The performance of the resulting optical designs are evaluated and compared against the configurations with minimal wavefront RMS, using the defocus-corrected wavefront RMS as a metric.
Introduction
The introduction of adaptive optics (AO) to ophthalmic imaging in recent years has led to the development of a new generation of high-resolution retinal imaging instruments. These include the AO fundus camera [1, 2] , the AO optical coherence tomograph (AO-OCT) [3] [4] [5] [6] [7] [8] and the AO scanning laser ophthalmoscope (AOSLO) [7, [9] [10] [11] [12] [13] . Refractive systems are not desirable for these applications given that the back reflections from the optical surfaces can be orders of magnitude brighter than the light scattered or emitted by the retina. For example, the light scattered from human cone photoreceptors in these instruments is 10 −3 -10 −4 times lower than the illumination, while the broadband anti-reflection coatings required for the typical broadband sources used in these instruments reflect as much as 10 −2
. Broadband sources are essential for minimizing speckle and/or increasing axial resolution in all the scattered light imaging modalities. Current low-resolution clinical instruments do not suffer from such back reflection problems because they use different portions of the eye's pupil for illumination and light collection. AO retinal imaging instruments however, need to use the full pupil of the eye for both illumination and imaging in order to achieve maximum lateral and axial resolution. The pupil (aperture stop) of the human eye is defined by the iris, and the planes conjugate to it are referred to as "pupil planes." In order to minimize back reflections, most AO-equipped scanning ophthalmic instruments are at least partially built using off-axis spherical mirrors [1, 4, [7] [8] [9] [10] [11] [12] [13] . Spherical mirrors are preferred over aspheres, given their lower cost and ease of alignment.
Due to the off-axis arrangement, the major optical performance limitation of such systems is astigmatism. This is described by Webb et al. [14, 15] when reporting the first confocal scanning laser ophthalmoscope, and later by Burns et al. [13] . In his work, Webb suggests an off-the-plane perpendicular folding of the optical setup to reduce the astigmatism present in the pupil plane which degrades the image quality in the retinal planes. Since then, the design of AO retinal imaging instruments has been dominated by efforts to improve the retinal image quality, while largely ignoring the aberrations in retinal conjugate planes. Aberrations in retinal planes degrade the image quality at the pupil planes, where the wavefront sensor and corrector(s) are placed. The poor image quality at the pupil planes affects the quality of the AO correction. In the best case scenario, this results in a reduced temporal bandwidth of the closed-loop AO performance. In the worst case scenario, the higher spatial frequency aberrations will be attenuated to the extent that they cannot be sensed, and therefore, not corrected.
Even though the motivation for this work is improving the performance of AO ophthalmic instruments, other reflective optical systems based on off-axis spherical mirrors, such as spectrographs and laser cavities, can benefit from the astigmatism compensation presented here. In the past, astigmatism compensation in such systems has been performed by adding glass plates [16] , lenses [17] or additional convex mirrors [18] among other methods.
In this work, expressions for designing minimal astigmatism optical systems based on pairs of off-axis reflective 4f telescopes using spherical mirrors are derived. In what follows we refer to image planes (retina conjugates) as "infinite conjugates" and the pupil planes as a particular case of "finite conjugates." First, the marginal ray fan equation, the geometry of the off-axis reflective telescope and the astigmatism equations will be introduced. Then the particular cases of small angles of incidence with an object point at the front focal point of the telescope (pupil) and at infinity (retina) will be evaluated. A discussion of the sensitivity of the astigmatism-corrected designs to focus shifts and to Badal shifts (i.e. mirror separation change) will follow. Finally, examples illustrating the range of validity of the derived formulae, and the optical performance of the corresponding designs will be presented.
Theory

General marginal ray fan equation
In the paraxial theory of on-axis rotationally symmetric optical elements in a medium, rays emerging from a point object converge onto an image point. The first-order image formation of such optical components can be described by the Gaussian equation for a thin element that takes the well-known form 1 1 1
where s and ' s are object and image distances from the optical element respectively, and f is the focal length of the optical element. For off-axis objects, the marginal rays converge at different points along the principal ray, depending on the orientationθ of the plane defined by the principal ray and the corresponding marginal ray. To first order approximation, the distances along the principal ray between the optical element and the marginal images under the thin lens approximation are given by the general marginal ray fan equation [19] , which for spherical mirrors takes the form 
where I is the angle of incidence of the principal ray onto the mirror, and r is the radius of curvature of the mirror. For the special cases / 2 θ π = and 0 θ = , one recovers the more familiar Coddington equations [20, 21] that give the position of the sagittal and tangential images respectively, 
For an off axis spherical mirror and an object point at infinity, the focal length as a function of angle of incidence can be defined as the average of the sagittal and tangential distances along the principal ray, ( ) 3 cos 2 ( ) 8 cos
The position of the average mirror focus defined in this way, corresponds to the circle of least confusion, which for angles of incidence smaller than 30°, can be approximated by its on-axis value (with less than 1% error)
Minimization of astigmatism in afocal telescopes
To date, most reflective AO ophthalmic systems consist of a number of off-axis afocal telescopes that relay the pupil of the eye onto the wavefront sensor, wavefront corrector(s) and scanning devices. When these telescopes are formed by pairs of spherical mirrors, they are fully described by the five parameters shown in Fig. 1 : the angles of incidence I 1 and I 2 of the principal ray onto the mirrors m 1 and m 2 ; the mirror radii of curvature r 1 and r 2 , and the angle θ between the planes defined by the incident and reflected principal rays. In what follows, unless otherwise stated, it is assumed that the separation between mirrors along the principal ray is the sum of the on-axis mirror focal lengths, which is
, as it is usually implied when referring to afocal telescopes. The dominant aberration in these telescopes is astigmatism. Astigmatism occurs when ray fans passing through different planes containing the principal ray focus at different points along the principal ray. By an appropriate selection of the telescope parameters, astigmatism can be eliminated along the principal ray for one or at most two image points, as is shown next. Fig. 1 . Geometry of an off-axis reflective afocal telescope: I1 and I2 are the angles of incidence of the principal ray (in red) onto the mirrors m1 and m2 respectively, and the angle θ between the incidence planes. The object is a distance s from the first mirror, and the image formed by the second mirror is a distance ' 2, s θ from it.
Consider the sagittal and tangential images formed by the telescope from a point source a distance s from the first telescope mirror. If these marginal images coincide, then the images from all other ray fans will also coincide, provided that the only aberration present is astigmatism. Thus, by bringing these images together, the relationship between the telescope parameters that eliminates astigmatism for the particular point can be found. By applying Eq. (2) successively to each mirror, one gets that the separation between the sagittal and tangential images is given by ( ) 
For small angles of incidence (I 1 and I 2 ), and ( ) 
The corresponding astigmatism equations in terms of vergence rather than object distance are Pupil planes in AO scanning ophthalmic instruments are typically placed one focal length in front of the first telescope mirror, (i.e. r 1 /2 according to Eq. (7)). The astigmatism in these planes is described by Eqs. (8) and (9) with the geometry depicted in Fig. 2 . When substituting s with r 1 /2 in Eq. (9), the following condition for astigmatism cancellation is obtained,
cos 2 This condition can only be met if / 4 3 / 4 π θ π < < , which is reasonable, given that the second mirror must introduce less astigmatism on the incidence plane of the first mirror than on the perpendicular plane. The particular case / 2 θ π = produces the most compact optical setup (i.e. the one with the smallest I 2 ), therefore minimizing other field-dependent aberrations.
Meeting the condition in Eq. (12) cancels the astigmatism for the object point at s = r 1 /2 along the principal ray, and minimizes the overall astigmatism for other points within a field of view centered on the object point. To illustrate this, consider the astigmatism corresponding to an arbitrary point in the same plane and near the point with null astigmatism. The angles of incidence of the principal ray corresponding to this new point can be expressed as 1 1 I ε + , with 
This result shows that the astigmatism over the field of view is proportional to the angle of incidence I 1 , and therefore, whenever possible, small angles of incidence should be used. Similarly, low magnification telescopes and short focal length mirrors will also result in low astigmatism over the field of view. Finally, the linear dependence in ε 1 indicates that the astigmatism will be minimal when the condition in Eq. (12) is met for the point at the center of the field of view.
Infinite conjugates
The second set of relevant optical planes in ophthalmic instruments with AO is the image planes, which are conjugated to the retina. Because the light exiting the relaxed emmetropic eye is nearly collimated, it is more convenient to work with vergences rather than distances. Therefore, with the geometry depicted in Fig. 3 
Similar to the finite conjugates case, this condition can only be met if / 4 3 / 4 π θ π < < . Note that while astigmatism is only cancelled for a point at infinity along the principal ray, the overall astigmatism for any point within a symmetric field of view is also minimized as before. Following the same steps that led to relation (13), using Eqs. (11) and (14) yields
As in the finite conjugate case studied above, small angles of incidence will result in configurations with lower astigmatism over the field of view. Contrary to the previous case however, high magnification and long focal lengths will reduce the astigmatism across the field of view. This means that in order to have a single telescope with low astigmatism in both pupil and retinal planes, the angles of incidence should be kept to a minimum. 
θ =
Simultaneous minimization of astigmatism in pupil and image planes in pairs of afocal telescopes
Typically, optical elements such as scanners, wavefront correctors, wavefront sensors and trial lenses are placed in the pupil planes of retinal imaging instruments equipped with AO. As mentioned earlier, in order to take full advantage of the AO correction, astigmatism needs to be corrected so that image quality is good in all pupil planes. The astigmatism affecting retinal planes however, only needs to be corrected at the ends of the optical setup, that is, at the eye and the science detector(s). This dictates that all the telescopes in such systems should meet the condition in Eq. (12) to compensate for astigmatism in the pupil planes. By comparing Eqs. (12) and (14), it is clear that astigmatism can only be minimized simultaneously in both pupil and image planes for telescopes with unit magnification. However, when selecting the second angle of incidence in terms of the first one as prescribed by Eq. (12), a degree of freedom in the selection of the first angle of incidence remains. Thus, by combining a pair of pupil-corrected telescopes, the first angle of each of the telescopes can be selected to minimize astigmatism in the exit image plane, while preserving minimal astigmatism in all the pupil planes.
For example, consider a pair of pupil-corrected (i.e. minimal astigmatism) telescopes in series, ( ) 
By calculating the vergence difference between the marginal ray fans from an object at infinity after the reflections on all four mirrors, the condition for minimizing astigmatism in the small angles regime can be obtained, 
The sign inside the radical depends on whether 23 ). An example to illustrate this point will be discussed in the examples section below.
The same steps could be used to obtain an astigmatism cancellation condition for a threetelescope system. With six mirrors instead of four, there would be an infinite number of solutions, instead of just eight as in Eq. (18).
Impact of focus shift on astigmatism minimization
By calculating the astigmatism introduced by a focus shift in off-axis afocal reflective telescopes, the robustness to beam collimation and to axial alignment can be studied. Indeed, it is sometimes desirable to shift the focus of the retinal planes to image different structures and/or compensate for chromatic aberration when imaging using multiple wavelengths. The expansion of Eqs. (8) and (10) for small angles in the presence of a small defocus, that is It is clear then that reducing the angles of incidence increases the tolerance to focus shifts simultaneously in both sets of planes and independently of the telescopes' magnification.
Applying the same idea to a pair of afocal telescopes that simultaneously meet conditions (16) and (18), yields that the astigmatism in the image plane as a result of a small focus shift is given by
with the defocus term being a third order term, as before. As in the case of a single telescope, the impact of the defocus shift can be reduced by selecting small angles of incidence.
The off-axis Badal optometer
Many ophthalmic imaging instruments use the Badal optometer [22, 23] , to either partially or completely compensate for the refractive error of the eye. In these instruments, a positive lens (the Badal lens) is kept a focal length away from the eye, while its distance to the instrument is adjusted until the retinal image is in focus (Badal shift). This can also be achieved using a concave mirror. In the off-axis afocal telescopes discussed in this work, a Badal shift would introduce an undesired astigmatism component in the retinal plane. This astigmatism would be negligible in comparison to the defocus being compensated for, provided the angles of incidence on the telescope mirrors are small, as it is shown next.
In an off axis pupil-corrected afocal telescope, changing the mirror separation 12). These results are also compared to the optimal angle which minimizes the wavefront RMS as calculated by Zemax. The plots show that for θ = 90°, the angles predicted by the marginal ray fan equation (Coddington) and its linear approximation minimize the wavefront RMS for angles of incidence ≥ 1°. The prediction of the optimal angle is not as good for the θ = 80° configuration due to the presence of coma. The plots on the second row show how the axial separation of the image point from the second mirror decreases with increasing angles of incidence. This is also the case for magnifications greater than one. The plots on the bottom row show the corresponding wavefront RMS values for all the configurations, including the planar case ( 0 θ = ) for reference. The most outstanding feature in all three plots is that by folding the telescope off the plane, the wavefront RMS decreases by an order of magnitude. Also, the Coddington solution and its linear approximation are virtually identical to that of the optimal configuration. This means that the linear approximation model in Eq. (12) is acceptable for all practical purposes in the 1 to 15° range. For angles less than 1°, the predicted angles are far from optimal because of the presence of spherical aberration. Finally, it should be noted that the 90° configuration produces the smallest second angle of incidence, hence minimizing other aberrations. This is illustrated by comparing the first and third plots of the bottom row.
Single off-axis afocal telescope infinite conjugate corrected
The performance of the three previously described telescopes is evaluated with an object point placed at infinity. The results are displayed in Fig. 5 . The plots on the top row compare the results of solving Eq. (10) exactly, with its linear approximation given by Eq. (14) . These results are also compared to the optimal angle which minimizes the wavefront RMS. For the θ = 90° configurations, the angles predicted by the Coddington equation and its linear approximation minimize the wavefront RMS over a range of 1 to 5°. This is significantly limited compared to the results of the previous section. The estimation of the second angle of incidence is poorer for the θ = 80° configuration due to the presence of coma. The plots on the second row show that the vergence of the beam reflected off the second mirror becomes more negative with increasing angles of incidence. The same effect is observed for magnifications greater than one. The plots on the bottom row show the corresponding wavefront RMS values for all the configurations, including the planar case for reference. The exact Coddington solution and its linear approximation perform better than the planar configuration, but the optimal configuration results in a more significant improvement for angles larger than 5°. This indicates that the linear approximation to the Coddington solution can be used as a starting point for the optimization software, which has to vary only two parameters to find the best solution. These parameters are the angle of incidence of the principal ray onto the second mirror and the vergence of the beam reflected by the second mirror. As in the previous section, spherical aberration dominates when angles of incidence are less than 1°. When angles of incidence are greater than 1°, the limiting aberration after astigmatism correction is coma. Coma is also the aberration that limits the range of validity of the linear approximation in Eq. (14) . It should also be noted that the 90° configuration performs better than the 80° which is consistent with the results from the previous section.
Off-axis afocal telescopes pair finite and infinite conjugate corrected
The following example illustrates how to simultaneously correct astigmatism in both pupil and exit image planes by taking advantage of Eq. (18) . The same reasoning could be applied to the more general Eq. (17), but for simplicity only the most compact designs (which also have the lowest wavefront RMS) will be discussed. The optical setup evaluated consists of a pair of reflective off-axis afocal telescopes in series, with the following spherical mirror radii of curvature in order: 1000, 500, 333 and 1000mm. Each of the two telescopes is pupil- Fig. 4 . Each column describes a different off-axis reflective afocal (4f) telescope, with the parameters indicated at the top. The object point is at the front focal point of the first mirror (Fig. 2) . The top row shows the angle of incidence of the principal ray onto the second mirror as a function of the angle of incidence onto the first mirror. The second row shows the distance between the second mirror and the image point as a function of the first angle of incidence for the same configurations. The bottom row shows the wavefront RMS values for the (defocuscorrected) corresponding configurations. The RMS of the planar (θ = 0°) configuration is also plotted for comparison. The red dashed lines indicate Marechal's diffraction limit. corrected using Eq. (16) . Retinal astigmatism is corrected by either using the linear approximation in Eq. (16), or by optimization with the absolute values of θ 12 , θ 23 and θ 34 being 90°. The separation between the two telescopes accounted for the focus shift shown in the middle row of Fig. 6 .
As mentioned earlier, Eq. (18) has two families of solutions depending on the sign within the radical. The magnifications dictate which of the two families of solutions should be used. Each solution family is formed by four different configurations, given by the signs of θ 23 and θ 34 . The geometries of all 8 folding solutions are sketched in Table 1 below, and only the family of solutions that correspond to |θ 23 | = π/2 are plotted in Fig. 6 . Fig. 5 . Each column describes a different off-axis reflective afocal (4f) telescope, with the parameters indicated at the top. The object point is at the front focal point of the first mirror (see Fig. 3 ). The top row shows the angle of incidence of the principal ray onto the second mirror as a function of the angle of incidence onto the first mirror. The second row shows the power (vergence) between the second mirror and the image point in diopters (D) as a function of the first angle of incidence for the same configurations. The bottom row shows the wavefront RMS values for the (defocus-corrected) corresponding configurations. The RMS of the planar (θ = 0°) configuration is also plotted for comparison. The red dashed lines indicate Marechal's diffraction limit.
Astigmatism is minimized in all four configurations evaluated, but the impact of other aberrations (mostly coma) is different for each. This is shown by the four RMS values on the left side of the table. The plots in Fig. 6 show all four optimal configurations but only one solution of the linear approximation. This was done in order to maintain the readability of the plots. The first plot in Fig. 6 shows the angles calculated using Eq. (18) and the optimal angles for each of the four configurations sketched on the left side of Table 1 . The linear approximation correctly predicts the optimal angles in the 1° to 5° range. The second plot shows the vergence of the beam reflected off the fourth mirror for all configurations. Similar to the single telescope case, the vergence becomes more negative with increasing angles of incidence. The third plot shows the corresponding wavefront RMS values for all the configurations at the image planes. The planar case is provided as a reference. The RMS for all non-planar configurations is significantly lower than for the planar design. The optical performance of the linear approximation is close to optimal in the 1° to 5° range. As in the previous cases, for angles less than 1°, the predicted angles are not optimal, due to spherical aberration. Fig. 6 . Data from a pair of off-axis reflective afocal (4f) telescopes, with astigmatism simultaneously corrected in pupil and image planes. The left plot shows the angle of incidence of the principal ray onto the second mirror as a function of the angle of incidence onto the first mirror, for the linear approximation, and the four different optimal configurations sketched on the left side of Table 1 . The middle plot shows the distance between the second mirror and the image point as a function of the angle of incidence. The plot on the right shows the wavefront RMS values for the (defocus-corrected) corresponding configurations. The RMS of the planar (θ = 0°) configuration is also plotted for comparison. The red dashed line in the last plot indicates Marechal's diffraction limit.
Conclusion
Expressions for minimal astigmatism in pupil and image planes applicable to off-axis reflective afocal telescopes were derived using the marginal ray fan equation. Three simple formulae, Eqs. (12), (14) and (18) for the small angle approximation were obtained and evaluated in different examples. The first two examples illustrate that by adequate off-plane folding, astigmatism can be corrected in the pupil or image planes of these telescopes. The third example shows that for a pair of reflective afocal telescopes, one could correct for astigmatism simultaneously in all the pupil planes and in the exit image plane. The formulae for a telescope pair could be directly applied to a system formed by any number of telescope pairs. The extension to a system with an odd number of telescopes has been discussed.
The obtained wavefront RMS plots show that the off-plane telescope configurations based on the conditions in Eqs. (12) , (14) and (18) , can perform an order of magnitude better than the corresponding planar configurations. It was also found that the 90° folding configuration always results in the lowest wavefront RMS, and in the particular cases presented here, below the diffraction limit.
It was also shown that reducing the angles of incidence on the studied reflective telescopes has multiple benefits. First, the astigmatism over the whole field of view is minimized. Second, other angle-dependent aberrations are also reduced. Finally, the system is more tolerant to axial misalignment and less sensitive (in terms of astigmatism) to Badal optometerlike shifts.
Even though the formulae presented were derived with AO ophthalmoscopy in mind, astigmatism minimization is desirable in other off-axis optical systems, such as spectrographs and laser cavities. To obtain these conditions, one simply has to calculate the difference between the sagittal and tangential images for the desired conjugate and number of mirrors, and solve for ∆ s = 0.
